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Abstract
We generalize the Maldacena correspondence to the logarithmic conformal field theories. We study the
correspondence between field theories in (d+1)-dimensional AdS space and the d-dimensional logarithmic
conformal field theories in the boundary of AdSd+1. Using this correspondence, we get the n-point
functions of the corresponding logarithmic conformal field theory in d-dimensions.
1 Introduction
Various aspects of the correspondence between eld theories in (d + 1){dimensional Anti de Sitter space
(AdS) and d{dimensional conformal eld theories (CFT’s) has been studied in the last few months. An
important example is the conjectured correspondence between the large N limits of certain conformal eld
theories in d{dimensions and supergravity on the product of a (d+1){dimensional AdS space with a compact
manifold [1]. This suggested correspondence was made more precise in [2, 3, 4].
The general correspondence between a theory on an AdS and a conformal theory on the boundary of
AdS is the following. Consider the partition function of a eld theory on AdS, subjected to the constraint






where the functional integration is over congurations satisfying (1). It is well known that the symmetry
algebra of a (d+1){dimensional AdS is O(d,2), which is the same as the conformal algebra on a d{ dimensional
Minkowski space. From this, it is seen that ZAdS(φ0) is invariant under conformal transformations, and this
is the root of the analogy between theories on AdS and conformal theories on ∂AdS. In fact, if
φ! Oφ, (3)










ZAdS(O−1φ0) = ZAdS(φ0). (5)
So, one can use ZAdS(φ0) as the generating function of a conformally invariant theory on the boundary of
AdS, with φ0 as the current.
The notion of the boundary of an AdS needs, however, some care. An AdSd+1 is a (d+ 1){dimensional
hypersurface in Rd+2 equiped with the metric
η = diag(−1,−1, 1,    , 1). (6)
The equation of this hypersurface is
(X−1)2 + (X0)2 −
d∑
i=1
(X i)2 = 1. (7)
This is a connected hyperboloid in Rd+2. By boundary, it is meant the points satisfying
d∑
i=1
(X i)2 = R2 !1. (8)
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The above set (for xed R) is the d{dimensional sapce S  Sd−1. As R ! 1, this space tends to a space
which is locally Rd, since the radii of S and Sd−1 are
p
R2 + 1 and R, respectively.














Almost all of the boundary is now contained in xd = 0. There are, however, points satisfying (8), but not
X−1 +Xd !1.These points serve as compactiers of Rd to SSd−1. We use the length element (10), and
use xd = 0 as the boundary of AdS. In this case, the boundary will be a d{dimensional Minkowski space.
The above{mentioned correspondence have been studied for various cases, e. g. a free massive scalar
eld and a free U(1) gauge theory [4], an interacting massive scalar eld theory [5], free massive spinor eld
theory [6], and interacting massive spinor-scalar eld theory [7]. Our aim in this article is to study the
the correspondence between theories on AdS spaces and logarithmic conformal eld theories (LCFT’s). It
has been shown by Gurarie [8], that conformal eld theories whose correlation functions exhibit logarithmic
behaviour, can be consistently dened. It is shown that if in the OPE of two local elds, there exist at least
two elds with the same conformal dimension, one may nd some special operators, known as logarithmic
operators. As discussed in [8], these operators with the ordinary operators form the basis of a Jordan cell
for the operators Li (the generators of the conformal algebra). In some interesting physical theories, for
example dynamics of polymers [9], the WZNW model on the GL(1, 1) super-group [10], WZNW models
at level 0 [11, 12, 13], percolation [14], the Haldane-Rezayi quantum Hall state[15], and edge excitation
in fractional quantum Hall eect [16], one can naturally nd logarithmic terms in correlators. Recently
the role of logarithmic operators have been considered in study of some physical problems such as 2D{
magnetohydrodynamic turbulence [17, 18, 19], 2D{turbulence [20, 21], cp,1 models [22, 23], gravitationally
dressed CFT’s [24], and some critical disordered models [25, 26]. Logarithmic conformal eld theories for
the supersymmetric case [12, 27] and for d{dimensional case (d > 2) have also been studied [28]. The basic
properties of logarithmic operators are that they form a part of the basis of the Jordan cell for Li’s, generators
of the Virasoro algebra, and in the correlator of such elds there is a logarithmic singularity [8, 25]. In [29]
assuming conformal invariance two{ and three{point functions for the case of one or more logarithmic elds
in a block, and one or more sets of logarithmic elds have been explicitly calculated. Regarding logarithmic
elds formally as derivatives of ordinary elds with respect to their conformal dimension, n{point functions
containing logarithmic elds have been calculated in terms of those of ordinary elds. These have been done
when conformal weights belong to a discrete set. In [30], logarithmic conformal eld theories with continuous
weights have been considered. It is shown in [29] that if the set of weights is discrete, when the Jordan cell
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for Li is two dimensional, there are two elds O and O0, with the following two-point functions
hO(x)O(y)i = 0, (11)
hO(x)O0(y)i = cjx− yj2∆ , (12)
hO0(x)O0(y)i = 1jx− yj2∆ (c
0 − 2c ln jx− yj) . (13)
In [31] another type of derivation is also introduced. The main idea of this construction is based on
the formal derivation of the entities of the original system with respect to a parameter, which may or may
not explicitly appear in the original theory. One way of viewing this is through the concept of contraction:
consider two systems with parameters λ and λ+ δ. These two systems are independent to each other. One
can write an action as the dierence of the actions of the two system divided by δ to describe both systems.
One can use one of these degrees of freedom and the dierence of them divided by δ a new set of variables.
This system, however, is equivalent to two copies of the original system. But if one lets δ tend to zero, a
well{dened theory of double number of variables is obtained, which no longer can be decomposed to two
independent parts. One can, however, solve this theory in terms of the solution of the original theory. This
procedure is nothing but a contraction. It has been shown in [32] that any symmetry, and any constant of
motion of the original theory, results in a symmetry and a constant of motion of the derived one and any
theory derived from an integrable theory is integrable. At last, it has also been shown that this technique is
applicable to classical eld theories as well. This technique is applicable to quantum systems as well. Here,
however, a novel property arises: the derived quantum theory is almost classical; that is, in the derived
theory there are only one{loop quantum corrections to the classical action [32]. Using this property, one can
calculate all of the Green functions of the derived theory exactly, even though this may be not the case for
the original theory.
There may arise some interesting questions, e.g.
is there any correspondence between field theories in (d + 1)–dimensional AdS space and d–dimensional
logarithmic conformal field theories?
This may shed light on logarithmic conformal eld theories and the AdS/LCFT correspondence. We show
that by a suitable choice of action in AdSd+1, which in the simplest case depends on the two massive scalar
elds φ and ψ, one gets a LCFT on the ∂AdS. In general, using any eld theory on AdS, which corresponds
to a CFT on ∂AdS, one can systematically construct other theories on AdS corresponding to LCFT’s on
∂AdS.
2 Free theories and two–point functions







jgj(−2rφ  rψ − 2m2φψ − µ2φ2), (14)
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where
m2 := (− d), µ2 := 2− d (15)
The equation of motion for the elds φ and ψ are
(r2 −m2)φ = 0, (16)
(r2 −m2)ψ − µ2φ = 0. (17)
It is easily seen that if φ is a solution of (16), dierentiating it with respect to  yields a solution of (17)
for ψ. The Dirichlet Green function for this system satises(r2 −m2 0
−µ2 r2 −m2
)






together with the boundary condition
G(x, y)jx2∂AdS = 0. (19)







satises (18) and (19), provided
(r2 −m2)G(x, y) = δ(x, y), (21)






Now use this Green function to solve the Dirichlet problem for φ and ψ in AdS. As the metric diverges on
the boundary, this problem needs some care. One should rst solve the Dirichlet problem for the boundary




























Boldface letters denote coordinates of the boundary (x0 to xd−1), and





Note that the solutions for G and φ are the same as those found in [5], since the equation of motion for φ is












(xd)2 + jx− yj2
)]( xd































(xd)2 + jx− yj2
)∆
. (32)




































As the theory we began with is a free theory, we have
W (φ0, ψ0) = Scl.(φ0, ψ0). (35)
where W is the generating function of connected diagrams. From this, one can calculate the Green functions
of the operators O and O0, their corresponding currents are ψ0 and φ0, respectively:
hO(x)O(y)i = 0, (36)
hO(x)O0(y)i = cjx− yj2∆ , (37)
and
hO0(x)O0(y)i = 1jx− yj2∆ (c






It is interesting to compare these results with the results of a free scalar eld on AdS. It is not dicult to check
that the action (14) and the classical action (34) are formal derivatives of those corresponding to the free
scalar theory with respect to , in the sense of [31] and [32]. One can also see that the two{point functions
5
(36) to (38) are those of a two dimensional Jordanian block, where the operator O0 can be interpreted as
a formal derivative of O, in the sense of [27{29]. We have thus obtained a link between these two kinds of
derivations: A theory on AdS induces a conformal eld theory on ∂AdS. The formal derivative of the rst
theory induces a logarithmic conformal eld theory on ∂AdS, the elds of which are formal derivatives of
those of the initial conformal eld theory.







jgj(−rφ  rφ −m2φ2). (40)
This theory leads to a conformal eld theory on ∂AdS [5]. Then, we formally dierentiate this action with



























This shows that taking µ2 as the derivative of m2 with respect to  does not result in any loss of generality:











One can then directly use the results of [5] and use a formal dierentiation with respect to  to arrive at
(34).
3 Interactions and n-point functions










(λ0nφ(x) + nλnψ(x)). (48)
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nφ+ (n− 1)λnψ), (49)
Using the Green functions G(x, y) and G0(x, y) introduced before, the classical elds φ and ψ satisfying the










































Now, substituting the classical solution (50) into (48), one obtains, to rst order in λ’s,
S
(1)






ddy1   ddyn f φ0(y1)   φ0(yn)In(y1,    ,yn)






















f[(xd)2 + jx− y1j2]    [(xd)2 + jx− ynj2]g∆ . (53)
Note that there is no rst order contribution from the free action. We can now read o the connected part
of the tree level n{point functions (n  3) of the operators O and O0. From (51), we have
hO0(x1)   O0(xn)i = −cnIn(x1,    ,xn),
hO0(x1)    O0(xn−1)O(xn)i = −cnJn(x1,    ,xn). (54)





hO(x1)O(x2)O(x3)i = 0. (55)














This shows the logarithmic behaviour of hO0O0O0i and the usual scaling behaviour of correlation function
hO0O0Oi. To get more non-vanishing correlation functions, other forms for SI must be chosen. For example,
if we take the following form for SI ,














2(x) + 2nλ0nφ(x)ψ(x) + n(n− 1)λnψ2(x)], (57)
then the structure of correlation functions is as follows. hO0(x1)    O0(xn)i and hO0(x1)    O0(xn−1)O(xn)i
have the logarithmic structure, and hO0(x1)    O0(xn−2)O(xn−1)O(xn)i has the scaling structure. More-
over, correlation functions containing more than two O’s vanish. In general, taking the following action of












one obtains more general forms for the n{point functions. In this case, generally the correlation function
hO(x1)O(x2)    O(xn)i has the ordinary scaling behaviour and hO0(x1)    O0(xk)O(xk+1)    O(xn)i has
logarithmic behaviour up to k logarithms. Also, one can notice that the following relation between the
correlation functions are satised,
hO0(x1)    O0(xk)O(xk+1)    O(xn)i = ∂
k
∂k
hO(x1)O(x2)    O(xn)i. (59)












and then use this denition in the r. h. s. of (59).
The procedure presented above is an example of a general procedure to build LCFT’s from theories on
AdS. One dierentiates the action of the theory on AdS, with respect to the weight (or one of the weights).
The new theory on AdS corresponds to an LCFT on ∂AdS, the correlators of which are derivatives of the
correlators of the former CFT with respect to the weight.
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